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Three-Dimensional Shape Optimization
Using the Boundary Element Method

Koetsu Yamazaki,* Jiro Sakamoto,t and Masami Kitanoj}
Kanazawa University, Kanazawa 920, Japan

A practical design sensitivity calculation technique of displacements and stresses for three-dimensional bodies
based on the direct differentiation method of discrete boundary integral equations is formulated in detail. Then
the sensitivity calculation technique is applied to determine optimum shapes of minimum weight subjected to
stress constraints, where an approximated subproblem is constructed repeatedly and solved sequentially by the
mathematical programming method. The shape optimization technique suggested here is applied to determine
optimum shapes of a cavity in a cube and a connecting rod.

Introduction

HE shape optimization technique using the boundary ele-

ment method (BEM) has made much progress in recent
research! S that was motivated by the advantage that the BEM
can analyze the boundary values more precisely than the finite
element analysis and that the mesh generation and remeshing
are relatively straightforward and inexpensive. For the effi-
cient implementation of the shape optimization in the practi-
cal use of large-scale structures, an effective and exact sensitiv-
ity analysis and a good approximation method are required to
reduce the iteration of the mathematical programming proce-
dure and the structural analysis. Considerable effort has been
devoted to developing efficient design sensitivity analysis tech-
niques.2*7-11 These techniques are classified into the direct
differentiation method of the discretized integral equation’!!
and the adjoint variable method.!»>»* Mota Soares et al.' and
Choi and Kwak? used a BEM analyzer in generating optimum
shapes for planar elastic regions. In their cases, displacement
and stress sensitivities were obtained using similar BEM adap-
tations of the adjoint variable method. Although their ap-
proach had already proven successful in the finite element
applications, the BEM version was less satisfactory because
the approximate adjoint tractions could not be specified
uniguely. To overcome this limitation, an alternative to the
adjoint variable method was introduced by Barone and Yang.”
In their formulation, new recovery equations for the design
sensitivities were obtained by the direct analytic differentia-
tion of the primitive boundary integral equations for the dis-
placements and the stresses. They have also expanded their
formulation to the three-dimensional problem.® Another di-
rect approach for determining the design sensitivities has been
developed by Kane and Saigal,® where the displacement sensi-
tivities were obtained by the implicit differentiation of the
coefficient matrices formed by the discretized boundary inte-
gral equation and applied to the substructured problems.!!
Most of these studies, however, have treated the two-dimen-
sional elastic bodies, the implicit differentiation formulation
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of the three-dimensional sensitivity analysis suggested by Kane
and Saigal is conceptual, and practical formulation necessary
for programming is not provided.

For the efficient implementation of the optimization, a
good approximation method as well as an exact sensitivity
analysis is also useful to reduce the iterations of the structural
analysis and its sensitivity analysis. The Taylor series approxi-
mation has been used to form approximate subproblems to the
actual design problem. In 1976, Schmit and Miura'? originally
suggested the use of reciprocal variables that can form a wide
range approximation for the frameworks. Since then, the re-
ciprocal variable Taylor series approximation has been used
widely and has yielded effective results for the frameworks,
plates, and shells. Starnes and Haftka!® and Fleury and
Braibant!¥ have shown that a hybrid constraint using mixed
variables yields a more conservative approximation. Vander-
plaats and Salajegheh!® have suggested, for stress constraints,
to use a Taylor series to approximate the internal loads instead
of the stresses themselves. Recently, Yang and Botkin'® and
Kodiyalam and Vanderplaats!'” have applied the approxima-
tion concepts to the three-dimensional shape optimization
using the finite element method. Nevertheless, these approxi-
mation techniques have never been applied to the shape opti-
mization process based on the boundary element method.

In this paper, therefore, a practical design sensitivity calcu-
lation technique of displacements and stresses for three-di-
mensional bodies based on the implicit differentiation method
of discrete boundary integral equations® necessary for pro-
gramming is formulated in detail, where the stress recovery
equation generated by differentiating the standard formula
for the boundary stress is adopted. Then the sensitivity calcu-
lation technique is applied to determine optimum shapes of
minimum weight subjected to stress constraints, where an
approximated subproblem formed by the second-order ap-
proximated objective function and the first-order approxi-
mated stress constraints is constructed repeatedly and solved
sequentially by the mathematical programming method. The
shape optimization technique suggested here is applied to de-
termine optimum shapes of a cavity in a cube under uniform
triaxial tension and a connecting rod under axial compression.
From the numerical results, the validity of the technique is
discussed.

Three-Dimensional Shape Optimization Problems
Minimum Weight Design Problem

A minimum weight design subject to stress constraints is
one of the most important problems in the shape design prob-
lems for practical use. Consider the minimum weight design of
a three-dimensional body occupying a region Q@ with a
boundary T' as shown in Fig. 1. When the shape design
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Fig. 1 Shape optimization model.

parameters that describe a boundary shape are taken as the
design variables,

b= (bh bz, ) bnd)T (l)
where nd denotes the number of design variables, the mini-

mum weight design problem is stated mathematically as mini-
mizing the weight f

p 6ro .
b)) =~ — —
f(®) 3 L ro an dI'-=min 2)

subject to the stress constraints

gib)=0;/0,-1=<0 (G=12,...) 3) .
and the side constraints
bt <b;<hb? i=1,2,...,n9 @

where n and p denote, respectively, the outward unit normal
vector to the boundary and the specific gravity of the material,
g, is an allowable upper limit of the stress at an observation
point j, and b and b are the lower and upper bounds of the
design variable b;. When an arbitrary point on the boundary
is denoted as (x;, X3, X3), Iy in Eq. (2) indicates a distance from
a proper origin (x{, x{, x?) given as

’g =(x; — X.p)(xi -xP)

The repeated index must be summed up in the usual tensor
symbolism manner and lower-case Latin indices refer to the
Cartesian coordinate directions like i = 1, 2, 3 in the following.

Approximate Problem Construction

For solving the minimum weight design problems defined
earlier, a mathematical programming method will be used that
requires the evaluation of the objective function, the displace-

ment and stress constraint function values, and their sensitivi-.

ties. It is easy and inexpensive to evaluate the objective func-
tion value for the design variable change; however, the
structural analysis and its sensitivity analysis have to be done
to evaluate the displacement and stress constraints for every
design variable change during optimization. Then it is not rare
that several hundred times iterations of the structural and
sensitivity analyses are required until finally obtaining the
optimum shape in the large-scale optimization problems.
Therefore, if we can form an approximated problem for which
the optimum solution will be searched directly in the approxi-
mated design space, it may be expected that the number of the
structural and the sensitivity analyses based on the BEM until
getting the final solution will be reduced.

For this purpose, a direct approximation to the actual shape
optimization problem is constructed by expanding the objec-
tive function to a second-order Taylor series at the current
design variable b, as

Sfb) = Va(b — bo)"C(b — bo) + (VY (b — bo) +f(Bo) (5)
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and the stress constraints to a first-order Taylor series as

8i(d)=(vg)T(b — bp) + gi(bp) <0 ©6)
where
(L. uYy
Vi) = <abl’ ab, " b,
9 9 9, \7 @
g 08 &
BD)y={—=) —=5 ., —~
ve®) (abl ab, abnd)
E 7
b2 9b,0b,
c=| -.. ... ... ®)
A ' |
bpgdb, b2,

The evaluation of the first derivative of the constraints re-
quires the displacement and stress sensitivity analyses based
on BEM.

The approximated subproblem is solved by a nonlinear
programming optimization algorithm with appropriate move
limits. The move limits are employed to insure that a new
design point remains in the vicinity of the current design point
by around which the Taylor series was expanded. The move
limits are typically specified by a limit factor é to determine
the upper and lower bounds as

(1-293)bo=b =< (1 + 8)by, 0<é<l1 ©)]

The move limits of Eq. (9) are applied as side constraints
instead of Eq. (4), if they are more restrictive than the mini-
mum and maximum gauge constraints.

Design Sensitivity Analysis

Sensitivity of Weight

The first and second derivatives with respect to the design
variables are required to construct an approximate objective
function (5). When the boundary T is discretized into the
boundary elements, the coordinate x; at any point of paramet-
ric coordinates (¢, n) in an element is interpolated by the shape
function N, (&, n) for node J as

X; = Nyx;y (10)
in which x;; is a coordinate x; at the nodal point J in the

element, and the upper-case index refers to the nodes in the
element. Then, Eq. (2) is discretized as

1 1
a
f(b)=§2j S l’oa";“o | I, m)) df dn
o 1 1
=3 S S @i — x| J(E, m)) dE dy an
e —-1J -1

where Y. means the summation with respect to all boundary
elements. When the derivatives with respect to the parametric
coordinate &, n are expressed as 4()/9¢ = () and a()/
an = (),,, the Jacobian determinant and direction cosine #; in
the discretized form are given as

LT 12 = €k €iumX, X, 6Xm,
= eijkfiImNI,ENJ,v;NK,SNL,nijkalexmL
n; = E,'j;(xi,gxk,,,/l Jl = EijkN[,sN‘],nijXk‘]/l Jl (12)

in which e denotes a permutation tensor.
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Then, differentiating Eq. (11) directly, the first derivative of
the objective function with respect to the design parameter b,
is derived as

_P ox;
ze:j—lv(—l{[ab mt = )8b]l1|
alJl
+ (6 — x))m; 8b,,,} df dy (13)

where the derivatives of the Jacobian determinant and the
direction cosines are given as

. axk,
IJ]=6ijkfl<ab Xi,q + Xj ¢ abmﬂ>
5 1 ox axk 7
= IJI[ (ab +xffab>
6xk, ax_ Y
— Yl,‘nféj[d(a_bmﬁ Xi,q + X, ¢ abi:)] (14)

in which (*) = 8()/8b,,. Furthermore, the second derivative of
the objective function is also given by the direct differentiation
of Eq. (13) with respect to the design parameter b, as

*f

2] | [
3b,ob, 3%')_,)_1U]| 8b,0b,

ax on; n;
t I I
6D } 7

*ob, b,
ox 0 3l
+[ab GRS )ab] ab,

+ ax; 4+ on; | d1JI
ab, " T X 5 | ab,,

ax, 8n,
ab ab,

aZIJI}dE dn as)

30y, 2
+ (i —x7)n; 3b,.3b,

The second derivatives of the Jacobian determinant and the
direction cosines that are required for the preceding calcula-
tion are also given as

3217l 1 { alJl alJl

ab,ab, 1J1 ab, ob,
ax;, Xy \ [ 0%p, 3x,,
+ €k 6ipq[ <§J’: Xiyp + Xt ab,, ><_a§f Xqm + Xpg 6;:)
0%p,¢ OXgy  0%p; 0%, n>]]
+x £ Zan | Tk e, 16
xf’£""’”<ab,,, ab, | ab, dby, a6
#n; 1 [ <6xj,5 X, , N ax; ¢ axk,,,>
=—] €; —_—— _— 2
ab,db, 1J1| "\ob, ob, ' ob, by,
. Al 821 J1
_om 3Ll om ol ] an
b,, ob, b, by, db,,0b,,

Displacement Sensitivities Using BEM

The displacement sensitivity is given by solving a system of
the boundary element sensitivity equation. When the displace-
ment u; and the traction p; at any point in an element are inter-
polated by the same shape function introduced in Eq. (10) as

u; = Nyufy, Dpi = Njpf (18)

where uf; and pf; denote the displacement and traction at node
J in the element e, then the discretized boundary integral

equation for a source point y; on the smooth boundary is
described as

1 1
l/zu,-(y)+Ej S PEN

e J—-1J -1

u | J1 d¢ dy

[ B

=E§ j ufNppilJldedy  (=1,2,3) (19
e —-1J -1

where 1} and p; denote Kelvin’s fundamental solutions of the
displacement and traction given as

1
u,fj- = m [ — 4v)d;; + r ir ;]
pli=0dfn, = — {[(1 — 20);; + 3r,r jIr,n
VTR T 81 — wyr? 7 / 20)
bt (1 - 21’)("’,'”/' - r,jn,-)}
) 1
o = ———— [(1 = 20)@jxr,i — 8i7k — Oicj) — 3,75 k]

87(1 — »)r?

in which p and » are the shear modultus and Poisson’s ratio; 6;;
represents Kronecker’s delta, and

=0 =y —yi)s ri=0G—y)/r, rp,=rn (21)

Differentiating the boundary integral equation (19), the
implicit differentiation method leads to the following dis-
cretized boundary integral sensitivity equation to be solved for

uf = ouy/db,, and p§ = dp;;/dby,:

1 1
1/21'4,-(y)+Ej j PENig 1T dE dn
e ~1

1 1
+E§ S ELT1 4+ pE VTN dt dy
-1 -1

e

1
=ES S ufNipé 1 J 1 dt dn
-1

e

1 1
+ZS j @41 J1 + uf | TN, pg; d dn

e

(=123 (22)

The derivatives of the fundamental solution that appear in
the preceding equation are calculated from

at = ui*k<% _ Q&)
! »*\8b,, db,,

1

m [—@ = 4)oyr

*
Uijk =
+ 6,'/{7"]' + 6jkf",' -

a. a
ph= 01k1< al yl)”k"‘ajknk (23)

3"’,'7',1"',/(]

ab, b

Uﬁ(';[nk = — m {(1 - 21})(6,']-’11 + 61'171,' - 6;‘111;
+ 3",,‘7'_1711‘ - 3",[",1";) + 3r,,-r,jn1
- 3[(1 - 21/)5,‘1"‘,1 - 5,‘17‘)]' el ,-,r,,- + 5r,,»r,jr,,]r,knk}

A square system of algebraic equations for the sensitivities
of the surface displacement and traction is obtained by locat-
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ing the source point y of Eq. (22) at every node on the
boundary:

[HI{U} + [A1{U} = [G1(P} + [G1{P} 24

where [H] and [G] denote the usual coefficient matrices of the
system of boundary integral equations (19) that correspond to
the first and second terms of the left-hand side and the first
term of the right-hand side of Eq. (22), and {U} and {P} are
column vectors of displacement and traction components of
all nodes. A rigid-body integral identity is used to remove
singularities that arise when taking derivatives of the basic
Kelvin’s kernels. If the coefficient matrix of Eq. (19) after
processing the boundary conditions has been decomposed like
LU and the solution of {U} and {P} have been obtained, we
can solve the previous equation for the displacement and
traction sensitivities by forming only the terms of [H] {U)
and [G] (P}.

Boundary Stresses and Their Sensitivities

The stress sensitivity is also required to construct approxi-
mate stress constraints of Eq. (6). The sensitivities of stress
components are also calculated from the derivative form of
the stress recovery equation at each boundary node. The dis-
placement gradients with respect to the coordinates are usually
obtained by solving the following relations:

pi +nd) +ant  (u+Mn} (u+Nnt U,
(w+Nni  wni+nd+ani  (u+ N U2
(1 +Mn3 (w+Nni  pn?+nd + an? U3

I3 I3 t t
iy — pUpphs — Up3hy + Uyl — Ughy)
— t t t t
= | Py — uUgaNy — Uz N3 + U3 Ry — Uf3N) (25)
t ¢ t ¢
D3z — plUz ny — Uy + Uy — Uy H3)

_ ot ' 2 2
(U2 + Uy )Ny = Uz ity — Ui3Hy + Uy A5+ Uy o R
_ ! ' 2 2

(u2,3 + u3,2)n2n3 = U3 Ny — Uy N3+ Uy 2Ny + U3 31,
) ‘ 2 2

(us,1 + Uy, 3)n3my = Uiy — Upp Ny + Uz 3ng + Uy 113

where A = 2ur/(1 - 2»), @ = 2u + A, and u]; denotes the dis-
placement gradient of u; in the tangential direction to the
boundary defined as

ufy = (Ui X5 — Uy £X;,,)/ 1 J | G#J)
Then the stress recovery equation is given as
oy = Nyl + plij + 15;) (26)

By differentiating Eqs. (25) directly, we will get the sensitiv-
ity equations to calculate the sensitivities of the displacement
gradients by using the displacement sensitivities obtained from
Eq. (24):

p(ni +nd) +ant  (u+Nn? (w + Nn? i,
(w+Nn; w3 +nd)+ani  (u+Nn? i,
(+ Mnf (w+Nni  pi+nd)+ani | | i

where

ufj = (ili,r,xj',s + u,-,,,)'cj,g - ili)ng'y,, - u,-,sfcj,,,— ui’j | J‘)/ | Jl (l #J)

The right-hand side of the preceding equation can be evalu-
ated from the sensitivities of displacements, and the gradient
sensitivities of Egs. (27) are solved easily. Then the stress
sensitivities on the boundary can be obtained from

Oip = Nyt i + p(tij + 1),0) 28

Design Variable Reduction and Adaptive Remeshing

To achieve the effective implementation of shape optimiza-
tion, it is important to reduce the number of the design vari-
ables as much as possible. There are two common ways to
represent a boundary shape of a solid model, i.e., the con-
structive solid geometry (CSG) scheme'® and the boundary
representation (B-Rep) scheme. In the B-Rep scheme, the
boundary shape is defined and controlled directly by the de-
sign variables, where the representative values to define indi-
vidual points, curves, and surface or coefficients of trigono-
metric series and the Fourier series are taken as the design
variables.!%20 This scheme achieves intuitive control of
boundary shape, whereas it requires direct definition of the
relationship between the design variables and the boundary
nodes by the program or the input data to implement the
sensitivity analysis and the adaptive remeshing, and the pro-
cess makes the implementation difficult for the three-dimen-
sional shape optimization using the finite element method. On
the other hand, the CSG approach uses the geometric modeling
scheme and constructs the geometry by the operation of basic
primitives, and then the mesh is generated automatically. This
approach enables us to take any parameters to define the basic
primitives as the design variables and provides the practical
design-oriented manner for the shape optimization. However,
the CSG approach requires the solid modeler and the auto-
matic mesh generator. Therefore, the B-Rep scheme is adopted
in this study for simplicity because the boundary element
analysis requires subdivision of the model surface only.

The adaptive remeshing technique is also important to avoid
the warped boundary element due to the large variation of the

* design variables. The discrete transfinite mapping technique,?!

which can treat the discrete information of the subboundary
and correlate the boundary information to the interior mesh
very well, is employed when the edge shape of the boundary
surface is complex and relates to several design variables;
otherwise the boundary node position on the surface is defined
by the design variable directly. When u and v denote the
parametric coordinates in a subsurface (0 < u, v < 1) and the
edge shapes ¢1(u), ¢2(u), ¢1(v), and ¢2(v) are given as shown

. ; P ‘e - ‘s ) ‘s L, ‘s
Dy + iy — pipns + i ~ @isng — ufyin + G50 4+ Uiy — iy — uhiy)

. , Ly ‘s iy ‘. i ‘. Ly .

= | Pty + Pofty — plitozny + Ugsity — W3 My — Uy Ry + U5 My + Ug Py — U3Np — UL3TT)
; ; ot t ot ¢t . 0t g ot !
Pans + pafiy — p(l50y + 1317 — @50y — U By + WipNg + Uipfis — Uy 03 — Uy 7l3)

w(mafty + n3ins) + anyiy (v + Ny
-2 (n + Nynaiy p(naiy + nify) + anofy
(1 + Nyahs (p + Nnsin

(y. + )\)n1h1 u1,1
(n + Ny U
u(nyiy + nofy) + ansig U33

. 3 — .t o t 2 g . 2 . 2 ) . . )
(ul’z + u2,1)n1n2 = Ux3Ny — U 3Ny + Upsiy — U3y + Uy, Ny + Uy 21§ + 2u1,1n2n2 -+ 2u2,2n,n1 — (ul,z + uz,l)(nlnz + nlnz)

. . N t . t . . . . 2 . - ) .
(i3 + i3, )any = sy Ny — s 3 + i Py — Ul iy + B a0 + 3 3N + 205 3 N3R5 + 203 31201 — (g 3 + U3 )Pz + Nafty) 27

(83,1 + ity 3)n3my

3 .t t t s . 2 . 2 . . . .
Wiy — Uyyny + Ul Ay — Uy + U3 307 + Uy, 15 + 2us 3mfy + 2uy, 1y — (U1 + dy 3)(sny + Rsiy)
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in Fig. 2, the discrete transfinite mapping provides the coordi-
nates x; of interior node (4, v) on the subsurface as

XU, v) = (1 = v)oi(u) + vey(u) + (1 — u)di(v) + ugy(v)
= (1 -u)1 - v)x0, 0) — (1 - u)x;(0, 1)
—uvxi(1, 1) —u(l — v)x;(1, 0) (29)

where x;(0, 0), x;(0, 1), x;(1, 0), and x;(1, 1) denote the coordi-
nates of vertices of the quadrilateral subsurface. After the
node positions on the edge of the subsurface are defined by the
design variables, the interior node positions are calculated by
Eq. (29).

Numerical Examples

A computer program to calculate the displacement and
stress sensitivities is coded for the quadratic isoparametric
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Fig. 3 Elastic cube with an ellipsoidal cavity under triaxial uniform
tension loading.
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Fig. 4 Boundary element subdivision.
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Table 1 Comparison of stress sensitivities [Aa1/a; = Aaz/a3 = 0.01,
R = (a1 + a2 + a3)/3]

as/a; = az/az 0.5 1.0 2.0
(8oqy/8a1)R /a9 BEM? 0.9784 1.320 3.113
at x) =q SAMP 0.9559 1.300 3.084
(30y,/8a3)R /o BEM -2.974 —0.0988 —0.4063
at x1 =a SAM —2.882 —0.0728 —0.4426
(do¢e/da)R /oo BEM 3.524 2.148 1.791
at x]1 =a SAM 3.448 2.106 1.767
(d0¢/das)R /oo BEM - 15.06 —4.112 —1.322
at x1 = a1 SAM —-14.71 —3.993 —1.343
(30y3/8a1)R /ap BEM -0.8599  —1.857 —3.450
at x3 = a3 SAM —0.8563 —1.858 —3.608
(30yy/0a3)R /o0 BEM 1.948 1.100 -6.057
atx3 =a3 SAM 1.931 1.082 -6.113

2BEM: implicit differentiation method.
bSAM: semianalytical method.

element with eight nodes and applied to the three-dimensional
shape optimization of typical design models. The complemen-
tary pivot method?? is adopted as a practical sequential
quadratic programming method for optimization.

Ellipsoidal Cavity Shape in a Cube Under Triaxial Uniform Tension

In the first example, a cube of side length 2W with an
ellipsoidal cavity of semiaxes a;, @, @; under uniform tension
loadings 20y, 209, 30 in the Xy, X;, Xx; directions is considered
as shown in Fig. 3. The mechanical properties of Young’s
modulus and Poisson’s ratio are assumed to be E = 205.8 GPa
and » = 0.3. Because of symmetry, quadrant boundaries of the
model are discretized into 54 quadratic elements and 220
nodes, and 27 elements with 100 nodes cover the ellipsoidal
boundary as shown in Fig. 4. The cavity shape is interpolated
by the trigonometric interpolating function in the first quad-
rant as

X) = a;cos ¢ cos 0, Xy = @,8in ¢ cos 6

X3 = a3sin 6 0=<0, p<7/2) (30)
where ¢ and ¢ are the angles of latitude and longitude, and the
major axes @; = @, and a; are selected as the design variables.
If more precise determination of cavity shape is required, two
or more terms of the trigonometric series or Fourier series
functions discussed in Refs. 19 and 20 should be adopted to
represent the boundary shape of the cavity.

Table 1 shows the sensitivities of tangential stress ¢,, and
meridional stress oy with respect to the shape parameters
a, = a, and a; at the cavity boundary in comparison with the
corresponding values by the semianalytic method, in which the
derivatives of the coefficient matrices [H] and [G] are calcu-
lated by the finite difference method and solved the assembled
system of Eq. (24) analytically, when the ratio a;/a; = 0.5,
1.0, and 2.0 with keeping a;/W = a,/W = 0.25. In the semi-
analytic method, the central difference and the perturbation
Aa)/a) = Aay/a; = Aas/a; = 0.01 are used. Both sensitivity
values coincide with each other. The computer time to calcu-
late the sensitivities by the implicit differentiation method
formulated here is less than one-third of the time by the
semianalytic method.

The minimum weight design of the ellipsoidal cavity shape
subject to the stress constraints is implemented by using the
sensitivity analysis technique of the implicit differentiation
method. The Von Mises stress values on the ellipsoidal cavity
boundary are restricted less than the allowable stress o, =
4.00y, and the stress constraints are imposed at several points
on the ellipsoidal boundary. The optimum solutions of the
design variables, the objective function, and the stress con-
straints at § = 0 deg (g3), 45 deg (g2), and 90 deg (g,) along the
meridian obtained after six iterations of optimization are tab-
ulated in Table 2 in comparison with the initial values. The
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Table 2 Comparison of ebjective function,
stress constraint, and design variables

Optimum without Optimum with

Initial lower bound lower bound

a/W 0.250 0.440 0.380

a3/ W 0.250 0.679 0.804
frw3 0.992 0.931 0.933

21 —0.425 —-0.244 -0.075

o —0.164 —0.227x10-8 -0.330 x 109
g3 0.123 0.368 x 10-13 —0.0615

g4 -0.214 —_ -0.0146

25 0.378 — -0.384 x 10-13

" Optimum with
0.6 : lower bound

i_ \
0.0 0.250.380.44

Fig. 5 Initial and optimum shapes.

oM/C0

0.0{ " 1 L L
0.0 22.5 45.0 67.5 90.0

Angle O (degree)

Fig. 6 Distributions of the Von Mises stress along the meridian of an
ellipsoidal cavity.

stress constraints at @ = 0 and 45 deg are active in the optimum
shape. The solid lines in Fig. 5 show the initial and optimum
shapes with the upper bound of stress constraints. The stress
distributions of the initial and optimum shapes along the
meridian of the ellipsoid are shown in Fig. 6. If the cavity that
exists in the infinite body applied the same uniform tension at
infinity, the elastic theory gives an optimum ellipsoid with the
ratio a;/a; = 2.0, which has the uniform distributions of all
principal stresses along the cavity boundary.?* The optimum
shape obtained here, however, does not give the uniform
distribution because of the existence of the outer boundary.
To confirm this fact, the optimum shape that has more uni-
form stress distribution along the cavity boundary is searched
by adding the lower bound constraints of the Von Mises stress
as .

g =1-0;/3700=<0 (31)

The broken line in Fig. 5 shows the optimum shape for the
preceding constraints in which the upper bound constraint
£2(0 = 45 deg) and the lower bound constraints g4(6 = 0 deg)
and gs(# = 90 deg) are active. The optimum solution is also
tabulated in Table 2. The other solution with more severe
lower bound is also tried to search; however, it failed to find
the admissible design point. The solution with the constraint
of Eq. (31) gives better stress distribution than the shape with

only the upper bound constraints, although its volume is
about 9% greater. Finally, it is confirmed that the optimum
shape shown by the solid line in Fig. 5 is the real solution for
the stress constraints considered here.

Connecting Rod Under Axial Compression

Next, the shape design of a rod connecting the piston with
the crankshaft of an internal combustion engine is considered
as shown in Fig. 7. The outer radii of big and small ends, the
rod width, and the root radii between the rod and the outer
surface of both ends are taken as the design variables. The
high strength aluminum alloy is assumed, i.e., E = 70.56 GPa,
v = 0.3. The compressive pressure, the maximum value of
which is pg. = 52.1 MPa at the small end, is applied on a
half-region of the inner surface of both ends as contact pres-
sure with trigonometric distribution corresponding to the
maximum explosive load. The allowable stress limit is taken as
0, = 3 Pmax = 156.4 MPa, and the Von Mises stress values are
restricted at the inner surface of both ends, the root surface
between the rod and the outer surface of both ends, and the
central part of the rod surface. The adaptive remeshing tech-
nique is employed for all regions of the model to avoid the
warped boundary element due to the large variation of the
design variables. In particular, a discrete transfinite mapping
technique is applied to the shaded regions, including connect-
ing parts between the rod and both ends as shown in Fig. 8.
The initial values of the design variables are taken as
by =31.5, b,=10.0, b3 =60.0, b, =17.0, and bs =40.0 (in

, .
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118 elements
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Fig. 8 Boundary element subdivision of a connecting rod.

-------- Initial
—— Optimal

Fig. 9 Initial and optimum shapes of a connecting rod.
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Table 3 Comparison of bbjective function,
stress constraints, and design variables

Initial Optimal

Objective function f/fo 1.000 1.467
Design variable, mm

by 31.50 34.57

b 10.00 8.979

b3 60.00 90.00

ba 17.00 21.21

bs 40.00 60.00
Constraint

g1 0.159 -0.117

22 0917 —0.367x10-2

23 —0.151 —0.057

g4 0.760 1.699 x 10-5

g5 0.677 —6.796 x 10~5

b) Optimum shape

Fig. 10 Von Mises stress distributions along the boundary surface of
a connecting rod.

millimeters), and the upper and lower bounds are restricted
from the geometric constraints (in millimeters) as

by =265, 10.0=b,=5.0, b3=<90.0, b,=14.0, bs=<60.0
The values of the objective function, the stress constraints,

and the design variables of the optimum shape obtained after
four iterations of optimization are tabulated in Table 3 in

comparison with the initial values, where f; is the initial

weight. In the optimum solution, every design variable except
b, becomes larger than the initial value, and the upper bounds
of the design variables, b; and bs, and three stress constraints
are active. The initial and optimum shapes are shown in
Fig. 9. The Von Mises stress distributions along the edge of
boundary surfaces for the initial and optimum shapes are
shown in Fig. 10. The Von Mises stress concentration at the
root surface and the inner surface of both ends in the initial
shape is reduced to the allowable value in the optimum shape.

Conclusions

A practical design sensitivity calculation technique of dis-
placements and stresses for three-dimensional bodies based on
the implicit differentiation method of discrete integral equa-
tions using the boundary element method as well as the weight
sensitivities is formulated. A shape optimization technique
using the approximation method based on the boundary ele-
ment sensitivity analysis is suggested for the minimum weight
design problem of three-dimensional bodies under stress con-
straints. The technique was applied to determine an ellipsoidal
cavity shape in a cube under triaxial uniform tension and the
boundary shape of a connecting rod under axial compression.
From these numerical results, it is confirmed that the tech-
nique suggested here can treat the large design variable change

with the aid of the adaptive remeshing technique and can
search the optimum solution effectively.
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